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C/3 I Jensen inequalities for positive linear maps of Choi and Hansen-Pedersen type 

are established for a large class of operator /matrix means such as some p- means 
and some Kubo-Ando means. These results are also extensions of the Minkowski 
determinantal inequality. To this end we develop the study of anti-norms, a notion 
parallel to the symmetric norms in matrix analysis, including functionals like 
pLn ■ Schatten q- norms for a parameter q G [—00, 1] and the Minkowski functional 

c| ! det 1 /™ A. An interpolation theorem for the Schur multiplication is given in this 

"£3 I setting. 
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(N 

<N : 1 Introduction 

Jensen inequalities for matrices and operators have various versions. The most general 
ones involve a unital positive linear map E : M„, — > M m . For instance, if f(t) is operator 
concave on an interval Q, then 

• i-H 



for all Z G M„{f2}, the Hermitians with spectra in f2. This is Choi's inequality [TT 
which is specialized to Hansen-Pedersen's inequality [12] 



\i=l / i=l 

for C*-convex combinations in M n {f2} with n x m matrices Ci such that Yli=i C*Ci = 
I, the identity. These Jensen's inequalities are famous characterizations of operator 
concavity of the function /: 

f (^i)>m±m, AB , Mnm . (1.3) 
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Are there similar inequalities by making use of the pth power map E p (Z) := ¥}Ip{Zp) 
with p > 0? We will deal with this question in Section 2. This contains some Jensen 
type inequalities for the power p-means 

fA p + B p \ 1/P 
A(3 P B:= [-^—) (1-4) 

of two positive operators A, B. 

Sections 3 and 4 are concerned with the operator means in the Kubo-Ando sense 
|17j . The concavity results obtained in Section 2 for the means (II .4j) have analogous 
statements for a natural class of operator means; this is the central part of the paper. 
In Section 3 we obtain the Minkowski type inequality 

det 1/n (AaB) > (det 1/r VL) a (det 1/n B), (1.5) 

when a is an operator mean with some geometric convexity property, in particular, an 
average of the weighted geometric means A# a B, which we will call a geodesic mean. 
Thus (II .5p extends the Minkowski inequality for the arithmetic mean. Section 4 further 
extends these inequalities to those involving concave functions in the general setting 
of anti-norms, a class of functionals on M+ := M n {[0, oo)}, including the Schatten q- 
anti-norms for q G (— oo, 1] and the Minkowski functional A i— > det 1//n A. Jensen type 
inequalities similar to those in Section 2 will be obtained for anti-norms. 

The means in Sections 3 and 4 do not cover a wide class of Kubo-Ando means, but 
they turn out rather natural as they have extensions for several variables, generaliz- 
ing the geometric means of several matrices introduced by Moakher [2T] and Bhatia- 
Holbrook [6] (also by [3] in a different approach). This is our concern in Section 5. We 
will extend some recent inequalities due to Lawson-Lim [18] and Bhatia-Karandikar [7] . 

Section 6, a related but independent complement, gives several basic facts on sym- 
metric anti-norms. It is noticed that the Minkowski functional A i— > det 1//n A is quite 
a special anti-norm. We show some interpolation properties for symmetric anti-norms, 
with a stronger version for Schur multiplication maps. Finally, we point out a reverse 
Holder inequality. 

Let A, B G M+, and let X\{A) > ■ ■ ■ > X n (A) denote the eigenvalues of A listed in 
decreasing order with multiplicities. The supermajorization A -< w B means that 

k k 

^2 > ^2\ n+1 _j(B), k = l,...,n. 

If equality holds when k = n, we have the usual majorization A -< B. We write 
for the diagonal matrix whose entries on the diagonal are the Aj(^4)'s in decreasing 
order, and A^ for that whose diagonals are the Aj(A)'s in increasing order. The famous 
Lidskii-Wielandt and the Ky Fan majorizations (see [20lHl[T9]) are written as 

A l + B f -< A + B -< A i + B i . (1.6) 
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By the log-supermajorization A -<; u '( lo s) B we mean that 

k k 

\\ Vl-j(^) > II A n+l^(5), fc = 1, . . . , U. 

3=1 3=1 

The log-supermajorization version of (jl.6p for an operator mean a might be 

Al^Bt ^0°g) A a B ^ w(log) A^ct^. (1.7) 

Although the problem of characterizing a for which two relations in (I1.7P hold is left 
open, we prove a partial result when a is a geodesic mean. 

Two significant features of the present paper are continued from the previous 
The first is the relation between supermajorization and anti-norms. We noted in [9] 
that supermajorization leads to inequalities for anti-norms. In Section 4 we adapt this 
to log-supermajorization and a sub-class of anti-norms, called derived anti-norms, and 
extend the Minkowski type inequalities in Section 3 to anti-norm inequalities. 

The second feature is the use of the Minkowski or Jensen type inequalities via unitary 
orbits for concave functions. Likewise in [9], we apply the following substitute for (11.11) - 
(II .3D when / is a general concave function. 

Theorem 1.1. Let E : M„, — > M m be a unital positive linear map, let f(t) be a concave 
function on an interval Q, and let Z G M n ,{f2}. Then, for some unitaries U, V G M m , 

f(E(Z)) > UE (f( Z » U * + v nf{Z))V* 
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If furthermore f(t) is monotone, then we can take U = V. 

A proof of Theorem 1.1 can be found in [8] and [10]. If G Q and /(0) > 0, then 
Theorem 11.11 holds also for sub-unital maps as (11.11) and (11.21) do so. 



2 Jensen inequalities for power means 

In this paper, E denotes a unital (or sub-unital) positive linear map between two matrix 
algebras M n and M m . Here, E is sub-unital if E(J) < I, where I denotes the identity 
of any matrix algebra. We aim to extend the fundamental inequality (1.1) to the maps 
on defined for p G (0, 1] by 

Ep(Z) := E 1/p (Z p ). 
For the limit case p = one can define 

Eq(Z) := limEp(Z) = expE(logZ) 

as long as E is unital and Z G M+ is invertible. Indeed, under these assumptions, E p (Z) 
is also invertible and 
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logE p (Z) = -\ogE(I + p log Z + o(p)) 
V 

= - \og(I + pEClog Z) + o(p)) — > E(log Z) as p \ 0. 
p 

Thus, considering E as a kind of arithmetic mean and ( 11.11) as the corresponding 
Jensen inequality, we are looking for analogous Jensen type inequalities for the pth 
power map E p with p G (0, 1]. The assumption of operator concavity is not relevant to 
this purpose and inequalities for the order relation in are not possible even for a 
function such as /(£) = y/t. However, with a reasonable concavity assumption, some 
meaningful eigenvalue estimates hold. Our assumption is the doubly concavity of f(t). 
We will say that a function f(t) is doubly concave if: 

1. f(t) is a non-negative continuous function defined on a positive interval Q C [0, oo), 

2. f(t) is concave in the usual sense, 

3. /(£) is geometrically concave, i.e., f(\/xy) > \/ f(x)f(y) for all x, y G IX 

If f(t) and g(t) are doubly concave on Q, then so is their geometric mean f a {t)g l ~ a (t) 
for a G [0,1] and their minimum min{/(i), g(t)}. These properties with the following 
examples show that there are a lot of doubly concave functions. 

Example 2.1. Of course, the most important examples of doubly concave functions on 
Q = [0, oo) are t \-> t q with exponent q G [0, 1]. Other simple examples are t \-> t/(t + l), 
t i — y t/y/t + l and 1 1 — y 1 — e _i . However, log(l + t) is not doubly concave on [0, oo). 

Example 2.2. On Q = [1, oo), the functions logt and (t — l) p for p G [0, 1] are doubly 
concave. For q > 1, the function {t q — l) l l q is also doubly concave on [1, oo). 

Example 2.3. On Q = [0, 1], the functions t(t — 1) and — tlogt are doubly concave, as 
well as the function yl — t 2 . 

Example 2.4. The function sint is doubly concave on [0,7r] and the function cost is 
doubly concave on [0, 7r/2]. More generally, for a, /3 > such that a+(5 < 1, the function 
sin^tcos^t is doubly concave on [0, 7r/2], as well as the function min{sint, cost}. 

Example 2.5. Let a > 0. The function a — \t — a\ is doubly concave on [0, 2a}. More 
generally, let < a% < a 2 < (3 and define a piecewise linear function by /(0) = f(j3) = 0, 
f(a\) = f(oi2) > and by the condition that f(t) is linear on each interval [0, ai], [«i, 02] 
and [a 2 ,/3]- Then fit) is doubly concave on [0, f3]. 

Our last example is of a rather general nature and is a straightforward consequence 
of the arithmetic-geometric mean inequality. 

Example 2.6. All non-negative, non-increasing, continuous concave functions defined 
on an interval [0, 0] are doubly concave. 
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We have the following Jensen inequalities for power means associated to a unital 
positive linear map E : M n — > M m . The unitality assumption can be relaxed to sub- 
unit ality. 

Theorem 2.7. Let E : M n — > M m be a sub-unital positive linear map. If f(t) is a 
doubly concave function on Q, Z G M n {f2}, and p G (0, 1], then 

f(E p (Z)) E p (f(Z)). 

If furthermore f(t) is monotone, then, for some unitary V G M m , 

f{E p {Z)) > VE p (f(Z))V*. 

Moreover, the above assertions hold for p = too when E is unital and both Z and 
f(Z) are invertible. 

If Q is an unbounded interval of [0, oo), a non-negative concave function on Q is 
automatically non-decreasing, so that the second stronger estimate holds. The following 
is the special case for the power means (jl.4p . Note that the p = case of (II. 4p is 



'log A + logB 
V 2 



A/3 B :=\imA/3 p B = exp( — — ^ s ) (2.T 



for invertible A, B G 



Corollary 2.8. Let f(t) be a doubly concave function on [0, oo), let A,B G and 
< p < 1 . Then, 

f(Ap p B)>V{f(A)(3 p f(B)}V* 

for some unitary V G M n . Moreover, this holds for p = too when f(t) is not identically 
zero and A, B are invertible. 

The corollary follows by applying Theorem O to Z = A © B and E : M 2 „ ->■ M n , 

A + B 



E 



A X 
Y B 



Note that, except the trivial case / = 0, f(t) > for all t G (0, oo) and hence f{A) is 
invertible whenever so is A. 



It is not possible to delete the unitary V in Corollary 12. 8[ even for a doubly concave 
and operator concave function. For instance, if f(t) = t 1 ' 3 and p = 1/3 then we cannot 
have (A[3!/3 B) 1 ^ 3 > A 1 / 3 (3i/ 3 B 1 ^ 3 , since it would imply that t — ^ t 3 is operator convex, 
a contradiction. 

Another special case of Theorem 12.71 deals with the Schur product X o Y of M n (the 
entrywise product of X and Y). This follows from the fact that Z y A o Z is a positive 
and sub-unital linear map when A G M+ has diagonal entries less than or equal to 1. 
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Corollary 2.9. Let fit) be a doubly concave function on [0, oo), let A, Z G M+ and 
< p < 1. Assume that the diagonal entries of A are all less than or equal to 1. Then, 

f{{A o Z p } 1/p ) > V{A o (f(Z)) p } 1/p V* 

for some unitary V G M„. 



We turn to the proof of the theorem. For this we first give a lemma. 

Lemma 2.10. If f(t) is a doubly concave function on f2 and p G (0, 1], then f p {t l l p ) is 
concave on Q p := {t p : t G Q}. 

Proof. We may assume that Q is an open interval. Then we can further assume that f(x) 
is strictly positive on f2; otherwise f(x) must be identically zero. The concavity of / on 
Q means that the right derivative f' + {x) is non-increasing on Q. The geometric concavity 
of f(x) is equivalent to the concavity of git) := log/(e*) on logf2 := {logx : x G Q}. 
Notice that the right derivative of g(t) is g' + {t) = e t /l(e*)//(e*). In fact, this is seen by 
taking the limit as 5 \ of 

g(t + 5)-g(t) _ e^-e 1 f(e t+8 ) - /(e f ) log f(e t+s ) - log /(e f ) 
5 5 ' e t+s -e t ' f{e t+s ) - f{e t ) ' 

where the above last term can be replaced with l/f(e t ) if f(e t+s ) = f(e t ). Hence it 
follows that xf' + (x)/f(x) is non-increasing on Q. Next, consider the function h(t) := 
f p {t l l p ) on Vt p . By a similar argument, we notice that the right derivative of h(t) is 
h' + (t) = tp~ 1 f p - 1 (t 1 / p )f' + (t 1 / p ). Thus, the concavity of h(t) on Q p is equivalent to that 
x l ~ p f p ~ 1 {x)f' + {x) is non-increasing on Q. Since 



x l - p f p -\x)f + (x) 



{xf' + {x)/f\x)Y~ p {f' + {x)} p if f' + {x) > 0, 

-{-xf + {x)/f\x)Y- p {-f' + {x)} p if f' + {x) < 0, 



this indeed holds. □ 

Proof of Theorem\2l\ Assume that < p < 1. For any Z G M n {fi} let X := Z p G 
M n {fF}. By Lemma r2.10l we can apply Theorem 1 1.1 1 to the function f p (t 1 ^ p ) so that we 

^ f (E^(X)) > UE (f P ( Xl/P )) U * + gggg 

for some unitaries U, V. We thus obtain 

which yields the supermajorization 

f p (E 1/p (Z p )) ^ w E(f p (Z)). (2.3) 
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Here, we notice that if A,B £ M+ and A -< w B, then A -< w ( lo s) B. Indeed, to see 
this we may assume that A, B are invertible. The increasing convex function — log(— x) 
on (—00, 0) is applied to —A -< w —B (which is equivalent to A -< w B) so that we 
have — logA -< w —log B. This means that A ^( lo §) B. Therefore, Q entails the 
log-supermajorization 

f p (E 1/p (Z p )) ^ w{l ° s) E(f p (Z)), 

which is equivalent to 

f(E 1/p (Z p )) ^ w(log) E 1/p (f p (Z)). 

This proves the first assertion of the theorem. In case of an additional monotony as- 
sumption on f(t), we have U — V in (12. 2p so that 

f p (E 1/p (Z p )) > UE{f p {Z))U*. 

Since t 1— > t x l p is increasing, it follows that 

f(E 1/p (Z p )) > VE 1/p (f p (Z))V* 

for some unitary V. This proves the second assertion. The last assertion for the case 
p = is immediately seen by taking the limit as p \ of the above estimates. □ 

As another consequence of Theorem 12.71 (or Corollary 12.81) we have the following 
determinantal inequality. The proof of a more general result will be given in Section 4, 
Proposition 14.121 Note that a (3q b is defined for all scalars a, b > in such a way that 
a flo b = if a = or b = 0. 

Corollary 2.11. Let f(t) be a doubly concave function on Q, let A,B £ M n {f2} and 
< p < 1 . Then 

&et l ' n f{A{3 p B) > {det 1 /"/(A)}/3 p {det 1 /"/(5)}. 

Moreover, this holds for p = too when A, B are invertible. 

Corollary 12 . 1 1 1 for p = 1 and f(t) = t is Minkowski's inequality. 
Next, we may define doubly convex functions in a similar way. A function g(t) is 
doubly convex if: 

1. g(t) is a non-negative continuous function defined on a positive interval Q C [0, 00), 

2. g[t) is convex, 



3. g(t) is geometrically convex, i.e., g(y/xy) < \/g(x)g(y) for all x, y £ IX 

Example 2.12. Given real numbers Q > and ccj £ (—00, 0] U [1, 00), i = 1, . . . , n, the 
function g(t) := Y^=i c ^ ^ s doubly convex on (0, 00). 

Double convexity will be used in Section 4. This notion is not relevant to the 
following convex version of Theorem 12.71 It suffices to use merely convex functions, but 
a monotony assumption is necessary. 
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Proposition 2.13. Let E : M n — > M m be a sub-unital positive linear map. If g(t) is a 
non-negative convex function on [0, oo) with g(0) = 0, Z G M+, and q > 1, then, for 
some unitary V G M m , 

g(E q (Z)) < VE q (g(Z))V*. 

IfE is unital, then the above estimate holds also for any decreasing, non-negative convex 
function on (0, oo) and any invertible Z G M+. 

We have statements, with reverse inequalities, similar to the previous corollaries for 
doubly concave functions. For instance: 

Corollary 2.14. Let g(t) be a non-negative convex function on [0, oo) with g(0) = 0, 
let A, B G M+ and q > 1. Then, 

g(A(3 q B)<V{g(A)(3 q g(B)}V* 

for some unitary V G M n . 

We turn to the proof of the proposition. 

Proof of Proposition ^. 131 Considering g(t) +et or g(t) +e for any e > 0, we can assume 
that g(t) > for all t > 0. Note that g(t) is necessarily continuous, right differentiable, 
and the right derivative of h(t) := g q {t 1 / q ) on (0, oo) is h' + (t) = U" 1 g q ~ 1 (t l / q )g' + (t 1 / q ) as 
in the proof of Lemma [2.101 Thus, the convexity of h(t) on (0, oo) is equivalent to that 
{g(x) / x} q ~ l g' + {x) is non-decreasing on (0, oo). This indeed holds: If g(t) is convex with 
g(0) = 0, then both g(x)/x and g' + {x) are non-negative and non-decreasing. On the 
other hand, if g(t) is convex and decreasing, then g(x)/x is non- increasing and g' + (x) 
are non-decreasing with opposite signs. Therefore, under our assumption, g q (t l l q ) is 
convex. We may then apply the convex version of Theorem 11.11 and argue as in the 
proof of Theorem 12.71 □ 



3 Minkowski type inequalities 

Section 3 is a bridge between Sections 2 and 4. Here, we will focus on Minkowski 
determinantal type inequalities. Our setting is the theory of operator means in the 
Kubo-Ando sense |T7], regarded as genuine non-commutative means. An important 
property of operator means is the compatibility with congruence maps A i— > X* AX, 
that is, for every A, B G and every invertible X G M n , 

(X*AX) a (X*BX) = X*(Aa B)X. (3.1) 

From this and simultaneous diagonalization, we see that an operator mean is determined 
by its value on commuting operators. The fact that invertibility of X is crucial for (13. ip 
should be stressed. For general X we only have (X*AX) a (X*BX) > X*(AaB)X, 
called the transformer inequality, and more generally for any positive linear map E : 

M n -> M m , 

E(A)aE(B) > E(AaB). 
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This is essentially due to Ando [TJ, and it is related to the fact that a is not necessarily 
continuous on the boundary of M+, the non-invertible part of M+. We only have 
continuity from above; in particular, 

AaB = Um(A + eI)a(B + eI). (3.2) 

e\0 

Each operator mean a is associated with a non-negative operator monotone function h(t) 
on [0, oo) with h(l) = 1, the representing function of a. For every invertible A,B~ 
we have 

AaB = A 1/2 h(A~ 1/2 BA~ 1/2 )A 1/2 . 

This is, together with (13. 2p . the definition of a in terms of the function h(t). With a 
suitable assumption on the representing function, we obtain below some Minkowski type 
majorizations. 

The famous Minkowski determinantal inequality is 

det 1/n (A + B) > det 1/n A + det 1/n B (3.3) 

for any A,B G M+. In the rest of the paper, for any X G M n , we write fi\(X) > • • • > 
fi n (X) for the singular values of X (i.e., the eigenvalues of |X|) in decreasing order with 
multiplicities. In [U] we noted that (13. 3p can be extended to 

n \ l / k ( n \ X l k ( k ~\ 1 / k 

n hm+b)} >\ n vM)\ + n 

,j=n+l-fc J lj=n+l-fc ) {.j=n+l~k 

or equivalently, 

n ~\ l / h r n 1 / k ( k ~\ l / k 

n ^{a^b)\ > n H (A)\ v n ^ 

,j=n+l-fc ) lj=n+l-fc J lj=n+l-fc J 

for k = l,...,n, where V stands for the arithmetic mean. Replace A, B with (A + 
el)* 1 , (B + el)* 1 , respectively, in (13. 4p . take the inverse of the both sides, and let 
e \ 0. Then we also have 

t > V* ( k ~\ 1 / k ( k V* 

n^!s)| <|n^(A)| !|n^( 5 )| > ^ 

where ! stands for the harmonic mean, A ! B :— 2(A~ 1 + B* 1 )* 1 . 

In the next theorem we obtain majorizations similar to (13 .4p and (13. 5p for more 
general operator means, but their forms are rather weaker than those of (I3.4p and (I3.5p . 

Theorem 3.1. Let a be an operator mean with the representing function h(t). 

(i) Assume that h(t) is geometrically convex. Then, for every A,B G M+ and k = 
l,...,n, 

e ■\ 1 / k f k \ 1 / k ( n > 1 / k 

H^(AaB)\ >lHfi 3 (A)\ °\ II Pi( B )\ > ( 3 ' 6 ) 

J=l ) lj=l ) {j=n+l-k ) 
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n i/fc ( n i V* r k •\ 1 / k 

Hn(AaB)\ > J] N {A)\ alW^B)] ■ (3-7) 

(ii) Assume that h(t) is geometrically concave. Then, for every A,B G M+ and fc = 
1, . . . ,n, 

n \ x / k ( n ~\ 1 / k ( k ^| V* 

n < n Ax\^B)\ , (3.8) 
n < n^^) ^ n ^) • ( 3 - 9 ) 

=n+l-fc J Lj=l J lj=n+l-A: J 

Proof, (i) To prove fl 3 . 6 H . we may assume by continuity from above that A and B are 
invertible. Hence A a I? = A 1/2 h(A' 1/2 BA' 1/2 )A 1/2 , so we have 

1/k , fc ^ 

n^az?) |> = n^(^ i/2/ii/2 (^ i/2 ^" i/2 )) 

{fc ^ 2 / fc C n 

n^(^ /2 ) II N(h 1/2 {A-V*BA-V 2 )) 

3=1 ) {j=n+l-k 

U^(A)\ II h(^(A- 1/2 BA^ 2 )) 

.j=l ) (,j=n+l—k 

>^n^) m n ^(^- i/2 5 i/2 ) 

J=l J V lj=n+l-fc 

>^n^) m n ^(^ i/2 ) n /^ i/2 ) 

J=l J \ ljr=n+l-fc J {.j=n+l-k 

n^-(^) m n^( A ) n ^ 

J=l ) V U'=l J {j=n+l-k 



In the above, the first inequality is due to the Gel'fand-Naimark majorization ( [201 
p. 248], jH III.4.5]), the second is due to the geometric convexity of h(t), and the last 
is due to the Horn majorization ([201 P- 246], [U (III. 19)]). Hence (13. 6 p is obtained. 
The proof of (13. 7ft is similar, or else we can show it from (13. 6p as follows: Consider the 
transposed operator mean A a' B := B a A with the corresponding representing function 
hit) := thit" 1 ) for t > (and h(0) := lim^o h(t)). Since h(t) is geometrically convex, 
we can apply (13. 6 p to A and B interchanged so that (I3.7P follows. 

(ii) We may assume as above that A, B are invertible. We can infer (13 .8p from (I3.6p . 
Indeed, consider the adjoint operator mean A a* B := (A~ x a B^ 1 )^ 1 for invertible A, B 
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with the representing function h*(t) := hit" 1 )" 1 for t > 0. Since h*(t) is geometrically 
concave if and only if h(t) is geometrically convex, we can apply ( 13. 6 p to A" 1 and B" 1 
to obtain 

}V* f k > x l k ( n ^ V* 

By reversing both sides we have (13 .8|) . which also implies (I3.9P as in the proof of (i). □ 

Corollary 3.2. Let cr be an operator mean whose representing function is geometrically 
convex. Then, for every A,B G M+, 

det 1/n (AaB) > (det 1/n A) a (det 1/n 5), 

and the reverse inequality holds if the representing function is geometrically concave. 

Remark 3.3. It is obvious that the majorization with Ylj=i ( res P-> E[j=n+i-fc) m ^ ne a ^ 
three terms in (13.61) (resp., (I3.8P ) does not hold. In fact, for the arithmetic mean (resp., 
the harmonic mean) and k = 1, this means that fi\(A + B) > fii(A) + fi±(B) that is of 
course false. 

Remark 3.4. The arithmetic mean and the logarithmic operator mean (see Example 13. 121 
below) satisfy the assumption of (i), and the harmonic mean satisfies the assumption 
of (ii). The geometric operator mean obviously satisfies both assumptions. We do not 
know whether, under the assumption of (i), the generalization 

n ^ 1 / k ( n ~\ 1 / k ( n *\ 1 / k 

n n S {AaB)\ >\ n °\ n 

„j'=ri+l— ) Kj=n+l-k ) [.j-n+l-k 

of ( 13.41) and Corollary 13.21 holds or not, and whether, under the assumption of (ii), the 
generalization 

\[ N {AaB)\ <m^(A)l vlH^B) 
j=i J [j=i J [j=i 

of (13.51) holds or not. But, these hold true for the weighted geometric operator means 
as stated in the next proposition. 

For each a G [0, 1] let A B denote the a- weighted geometric mean of A, B G M+, 
defined for invertible A, B as 

A# a B := A l/2 (A~ 1/2 BA~ 1/2 ) a A 1/2 . 
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Proposition 3.5. Let a G [0, 1] . For every A,Be M+ and k = 1, . . . , n, 



k 



x{^)\*a n 

J=l ) Kj=n+l-k 

k C k 

3=1 1 3=1 J 1 3=1 



n ~] ( k 

n niA) \*Aw^{b) 

J =n +l-k ) lj=l 

n ( n ( n ~\ 

> n N (A^ a B)>i n N {A) #j n ^ 

j=n+l—k Kj=n+l—k J \j=n+l—k ) 

Proof. Since the representing function of # a is t a , the first inequalities of ( 13. 10ft and 
( 13. lip are special cases of (13. 6p and (I3.8p . respectively. Let us prove the second inequality 
of (I3.10p . We may assume that A, B are invertible and < a < 1. Since A^r BA^r < I 
implies A # a B < I as easily verified, we have \\A B\ 00 < || (A^r B A^) a || for the 
operator norm. With the antisymmetric tensor power technique (see [2], [121 Section 
4.6]) this yields 



k k 

H fij(A # Q B) < H H ( (A^BA^) a ) , k = l,...,n. 

3=1 3=1 

Moreover, for k = 1, . . . , n, 

k ( k \ 2a s \ 1—a s ^ 

u^A^BA^y) = n^(^ 5i/2 ) ^ n^) n^) 



. 2 a BA 2Q ) J 

j=l kj = l J kj=l J kj = l 



by the Horn majorization. Hence the second inequality of (I3.10P follows. The second 
inequality of A3. 11 j) then follows from that of (I3.10p by replacing A, B with A~ x ,B~ l 
and reversing the inequality. □ 

The following is a restatement of the second inequality of ( I3.10P or ( 13. lip in terms 
of log-ma jorizat ion, see [2]. 

Corollary 3.6. For every A,B G M+ and every a G [0, 1], 

A# a B^ log) A±# a BK (3.12) 

Proof. The second inequality of ( I3.10P means that 

A# a B -< TO (iog) A^ # Q B^. 
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Since 

n n 

H^iA^B) = det(A# a B) = (detA) 1 -«(detfl) a = Y[{ f i 1 r a (A)^(B)}, 
j"=i i=i 

we have (1512)1 . □ 

Proposition 3.7. Let a oe an operator mean with representing function h(t). Assume 
that there exists a probability measure v on [0, 1] such that 



h{x) 



f x a du(a), x £ [0,oo). (3.13) 
Jo 



Then, for every A,B£ M+ and k — 1, . . . , n, 

n ~\ 1 / k ( n \ 1 / k ( n \ 1 / k 

n vm° b )\ >\ n vM)] *\ n ■ ^ 

j =n +l-k ) Kj=n+l-k ) Kj=n+l-k ) 



Proof. By assumption the operator mean A a B is expressed as 

AaB = [ A# a Bdv(a). 
Jo 

Since A £ M+ \-¥ {JYj= n +i-k i s superadditive (hence concave) by P Example 

3.8] (or Example 14.51 below). 

H fij(Ao~B) > >/< 11 vM#« B )\ du(a) 

n+l-k ) ^° Vj=n+l-k ) 

„1 ( n \ 1 / k ( n ~\ 1 / k 

/ n #*\ n ^ 

n 1 V* ^ n ^ l / k 

n ^ ^ n ^ > 

J=n+l-k. ) (j=n+l-k J 

where (I3.1ip has been used for the second inequality. □ 

Remark 3.8. As mentioned in the Introduction, we are interested in operator means a 
for which the log-supermajorizations in (11 .TP hold. For example, the second inequality 
(13. lip (or the log-majorization of Corollary l3.6p is the second relation of (I1.7P for a = 
and the first of ( 13. lip is slightly weaker than that of ( 11.7P for a = # a . When a has the 
representing function as in Proposition 13. 7^ (I3.14p is a weaker version of the second of 
(ll.7p since (aab) 1 ^ > a l l k ab l ^ k for reals a, b > in this case. Note also that sums of 
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geometrically convex functions are again such functions; so the function h(t) given in 
(I3.13P is geometrically convex. 

When a = V the arithmetic mean, both relations of ( 11.71) hold since ( II .6ft entails 
A l +B^ -< w ( lo §) A+B -<™( Io s) A l +B l . Furthermore, by replacing A, B with A -1 , and 
reversing the inequalities, we see that the relations in (11.71) hold with log-submajorization 
"*Wiog) instead of -< w ( log ) when a = ! the harmonic mean. When a = # the geometric 
mean, both of (TTTTj) do hold; in fact, the log-majorizations A l #B r -< (log) A#B -< (log) 
Aijj-Bl hold. This follows from the Gel'fand-Naimark and the Horn majorizations 
applied to the factorization A#B = A^VB 1 ' 2 where V := (A~ 1/2 BA~ 1/2 ) 1/2 A 1/2 B~ 1/2 
is a unitary. On the other hand, if AB = BA, then both of (jl.7p do hold also when 
a = a v is the operator p-mean (see Example 13. 1 1 f) for p £ (0, 1). 

After these considerations we may conjecture (11. 7p /or any operator mean a whose 
representing function is geometrically convex. 

In the rest of the section we will present a characterization of operator monotone 
functions on [0, oo) admitting the integral expression (13. 13[) and give concrete examples 
of such functions. 

Theorem 3.9. The following conditions for a non-negative operator monotone function 
h(x) on [0, oo) are equivalent: 

(i) there exists a finite positive measure v on [0, 1] such that 



( x x du(X), x £ [0, oo); 
Jo 



(ii) h(e t ) is absolutely monotone on R, i.e., jj^ h(e t ) > for every t £ R and n £ N, 
or equivalently, /i(e _t ) is completely monotone on R. 

Proof, (i) =>■ (ii). Assumption (i) means that 

/i(e~*) = / e" A *rfz/(A), t £ E. 



Since ^ d xt = (— A) n e A * for every t £ R, we have 



d n f 1 
(-l) n —h(e- t ) = J \ n e~ xt dv(\)>0, teR, 

and so (ii) follows. 

(ii) =>■ (i). For each a £ R, (ii) implies that f(e~^~ a ^) is completely monotone on 
[0, oo). Hence by Bernstein's representation theorem [23] there exists a unique positive 
finite measure v a on [0, oo) such that 



h(e 



-it-ay 



POO 

/ e~ xt dv a (\), t£[0,oo) 
Jo 
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Whenever a > 0, by replacing t > with t + a > we have 

/■oo 

h{e~ t )= I e- xt e- aX dv a (\), *e[0,oo). 
•/ o 

Thanks to the uniqueness of the representation measure in Bernstein's representation, 
we have du (\) = e~ aX dv a (\) so that dv a {\) = e aX du (X) on [0, oo). Therefore, 



h(e- {t - a) ) = / e~ x{t - a) du {\) 
Jo 

for every t > and every a > 0, which implies that 

/■oo 

hie- 1 ) = / e- At rfz/ (A), t G ] 



that is, 



oo 



h(x) = / x A di/ (A), ie(0,oo). (3.15) 
Jo 

Now suppose that fo((l, oo)) > 0. Then we have 



> / x duo(X) +oo as x / cx3, 

(l,oo) 



which contradicts the fact that linx j; _ ) . clo h(x)/x < +oo, easily verified from the integral 
expression of h(x) |U (V.53)]. Hence ^((l) 00 )) = and (13.151) is the required integral 
expression in (i). The equality for x = also follows by taking the limit of (13. 151) as 
x\0. □ 

In the following let us consider three typical families of operator monotone functions 
discussed in [HJ [15]. Examples show that operator monotone functions having the 
integral expression (13.131) are not many. 

Example 3.10. For each a £ [0, 1] the function 

h a (x) : 



x a + x l- a 



2 

is an operator monotone function on [0, oo). It is clearly a special form of (I3.13p . 
Example 3.11. For each p G [—1,1] the function 

X p + 1^ 1/p 



b p (x) : = 

where bo(x) := lim p ^ob p (x) = yfx, is the representing function of the operator p-mean 
cr p such that Aa p B = A(3 P B when AB = BA. The function b p (x) is geometrically 
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convex if < p < 1 and geometrically concave if — 1 < p < 0. On the other hand, when 
p = 1/m with m G N, since 



fc=0 



X 



bi/ m has an integral form (I3.13p . Now, suppose that p G (0, 1) and b p is represented as 
in f)3.13p . By Theorem 13 .9} (e* + l) q must be absolutely monotone on R, where g := p~ x . 
Then (e* + l) 9 can extend to an entire function, see [23]. But this is not the case unless 
q is a positive integer, because (e z + l) 9 has a singularity at z = in for a non- integer g. 
Thus, for p G (0, 1) such that p~ x ^ N, b p (x) does not admit the expression (I3.13p . 

Example 3.12. For each a G [—1,2] the function 

a - 1 x a - 1 



a x a ~ l - 1 



is operator monotone on [0,oo). Here, fi/2(x) = \fx and }\{x) — (x — l)/logx, the 
representing function of the logarithmic operator mean. When 1 < a < 2, we have 

d 2 e (2a-l)i 
^ l0g/ " (et) = (ea *-l)2 (e (a-l)t_l)2^). 

where 

:= (a - lfe at - a 2 e {a ~ l)t + 2(2a - 1) - a 2 e~ {a ~ l)t + (a - l) 2 e" Q *. 

Since 

cp"(t) = a 2 (a - lf{e at - e {a ~ 1)l - e~ {a - l)t + e~ at } > 0, 
we sec that <p(t) > and hence ^log/ a (e*) > 0. When -1 < a < 1, we have 

1 — a e a * — 1 

log/c^e 4 ) = log h log 



a - 1 _ e (o-i)t' 



and ^ log faie 1 ) is given in the same expression as above with the same function (p(t). If 
1/2 < a < 1, then ip"(t) > so that J^log/«(e*) > 0. If -1 < a < 1/2, then <p"(t) < 
for t 7^ so that 4j log/ Q (e*) < for all t ^ 0. Therefore, is geometrically convex 

for a G [1/2,2] and geometrically concave for a G [—1, 1/2). 

Now, suppose that a G [1/2,2] \ {1} and f a (x) is represented as in (13.131) . Then by 
Theorem 13.91 

a -I e at - 1 a - 1 sinh f t/2 
a ' e (*-i)t _ i ~ a ' S i n h 6 

is absolutely monotone on M so that sinh at/ sinh(a— l)t can extend to an entire function. 
Since sinh(a — l)z = at z = iir/(a — 1), we must have sintua7r/(a — 1) = so that 
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a/ {a — 1) = m G Z. Hence a = m/ (m — 1) with m G Z \ {0, 1}. When a = m/ (m — 1) 
with m G {2, 3, . . . }, we have 

j m— 1 

/aO) = — y^x^, 

k=0 

which is a special case of ( 13 .131) . When a = —m/(—m — 1) = m/(m + 1) with m G 
{1,2,...}, we have 

\ m 

fa(x) = — Vx^+T, 

m *— ' 

fe=i 

which is also a particular form of (I3.13p . Therefore, f a admits the expression (13 . 1 3[) if 
and only if 

«G <^ — :m = l,2,... \ U {1} U <^ :m = l,2,... \. 

[m + 1 J [m J 

Note that f m/ ( m+1) (x) /* f x (x) and f( m+1 y m (x) \ f x (x) as m oo. 

In this section, we have been concerned with operator means A a B whose represent- 
ing functions h(x) is such that h(e l ) is absolutely monotone on R. Equivalently, these 
operator means are averages of weighted geometric means A B expressed as 

AoB= I A# a Bdu(a) (3.16) 
Jo 

for some probability measure v on [0,1]. Since the path a G [0,1] i— > Aj^ a B is the 
geodesic from A to B for a natural Riemannian metric on the positive definite matrices 
(see [5] and also Section 5 below), we call such an operator mean a geodesic mean. The 
next section considerably extends Proposition 13.71 Indeed, an inequality more general 
than (I3.14p will be given in Corollary 14.81 below. But we gave a brief independent proof 
of Proposition 13.71 to make this section self-contained. 

4 Anti-norms and operator means 

A symmetric norm || • ||, i.e., a unitarily invariant norm on M„, can be defined by its 
restriction to the positive cone M+. Symmetric norms restricted on M+ are characterized 
by the following three properties: (i) ||At4|| = A||A|| for all A G and all reals A > 0, 
(ii) || CMC/* || for all A G M+ and all unitaries U G M,„, and (iii) \\A\\ < \\A + B\\ < 
\\A\\ + ||B|| for all A, Be M+. 

This section continues the study of geodesic means defined by ( 13.161) . We will extend 
Proposition 13.71 and obtain a Jensen/Minkowski inequality for quite a large class of 
functionals that we call anti-norms as those are similar to symmetric norms but with a 
reverse inequality. 
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Definition 4.1. A symmetric anti-norm \\ ■ \\\ on M+ is a non-negative continuous 
functional such that 

1. ||AA||i = A||A||! for all A G M+ and all reals A > 0, 

2. \\A\\i = \\UAU*\\\ for all A G M+ and all unitaries U, 

3. \\A + > + for all A, B G M+. 

If further ||j4.||i = entails A = 0, then we say that the anti-norm || • ||i is regular. 

This definition without the continuity assumption was first introduced in [9]. The 
continuity assumption is not essential, but deleting it would lead to rather strange 
concave functionals, not continuous on the boundary of M+ such as ||A||! := Tr A if A 
is invertible and ||A||i := if A is not invertible. 

The next two examples come from [9]. 

Example 4.2. The trace norm is an anti-norm! More generally for k — 1, . . . , n, we 
define the Ky Fan k-anti-norm on as the sum of the k smallest eigenvalues, i.e., 




k 

\\ A \\{k} ■= y^^n+l-jjA), 
3=1 

where /J>i(A) > ■ • • > fj, n (A) are as before the eigenvalues of A in decreasing order. The 
anti-norm || ■ ||r fc i is not regular except for k = n (the trace norm). 

Example 4.3. For — p < the negative Schatten anti-norms are 

-i/p 

\A\\- P :- 

That A i—)- ||y4||_ p is a superadditive functional on was noticed in [9]. 

Example 4.4. More generally, for — p < and k = 1, . . . , n, the negative Schatten-Ky 
Fan anti-norms are 

( k °\ -Vp 

\\M-p,k-=<^2l^nll-M) 

By definition note that ||^4||_ p ^ = unless A is invertible. That the Schatten-Ky Fan 
anti-norms A h-> are superadditive on is a special case of Proposition 14.61 

below. 

Example 4.5. For k — 1, . . . , n the functional 

l/k 

MA) := {Ylvn+i-M) 

.3=1 
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is a symmetric anti-norm on M+. Note that 

These examples illustrate the following general fact. 
Proposition 4.6. Let || ■ || be a symmetric norm on M. n and p > 0. For A £ M+ set 



\A\ 



\A p \\ if A is invertible, 
otherwise. 



Then \\ ■ \\\ is a symmetric anti-norm. 

A symmetric anti-norm || ■ ||; occurring as above is called a derived anti-norm. 

Proof. Let us first show the continuity of || • It suffices to check that if {Ai} is a 
sequence of invertible matrices in M+ converging to a non- invertible A £ M+, then 
\\Ai\\\ -)■ 0. For such {A t }, since e t := /i„(A) -> ^n{A) = 0, we have AJ P > eJ p Pi 
and so ||^4 Z _P || > e^ p ||P/||, where Pi is a rank one projection onto an eigenvector of A\ 
corresponding to €[. Hence ||^4z||! < £z||Pi|| -1//p — > since \\Pi\\ is a positive constant. 
Let $ be the symmetric gauge function corresponding to || • ||. Define for a £ Wl, 



$( a -p)-Vp if a £ (0,oo ) 
otherwise. 



We will show that $i is superadditive on MJL. Then $i is a symmetric anti-gauge 
function since it is clearly permutation-invariant and homogeneous. Since we of course 
have = for all A £ M+, it follows from Proposition 3.2] that || • ||i is a 

symmetric anti-norm. 

Let $' be the symmetric gauge function dual to $, see p31 (4.4.4)]. For any a £ 
(0, oo) n we have 

$( a - p ) = sup<| a * Pb * : b = (h) e [°> °°) n ' = 1 

so that 



i=l 



-i/p 

$( a -P)-i/p = inf J :b=(b t )e[0,oc) n ,&(b) = l\. (4.2) 



i=l 



Let a £ (0, oo) ?t , b £ [0, oo) n , and x = (xi) £ W 1 . For every t £ R such that a + 
(a^ + tej) £ (0, oo) n we compute 



d_ 

It 



+ txi)~ p bi = J^(a; + tXi)- p bi J2( ai + tXiY^Xih 
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and 
dt 2 



y^jaj + tx,i) % 

, i 

(p + 1) ( ^(a* + txi)~ p bi ) ( + tXiY^xA 



-i-2 
p 



— ±— 1 
P 



+ (-P - 1) f + tx,)"^ ) ( ^(a, + to,)^" 2 ^ 

(p + l)(X)( a « + te <)" 1, 6i 



p 



(V^iai + tXiY^Xib^j - (y^idi + txi)- p bi j \ J2(ai + tXi)- p - 2 x 2 bi 
< 

thanks to the Schwarz inequality. Therefore, a G (0, oo) n H- (J^Li a 7 P bi) 1 P is concave 
and so superadditive due to positive homogeneity. Hence for a, a G (0, oo) n and b G 
[0, oo) n with $'(&) = 1 we have 

i \ -VP / n \ -VP / n \ "VP 

E(°* + ^~ p ^ M E a * 7 ^ + E 6 * 7 ^ 
/ \i=i / \i=i 

> $(a~ p )- 1/p + $(a~ p )~ 1/p . 

Taking the infimum of the left-hand side over b as in (14.21) gives the required superad- 
ditivity of □ 

Theorem 4.7. If f(t) is a doubly concave function on an interval Q C [0, oo) and 
A,B G M n {0}, then 

WAvB)^ > 11/(^)1^11/(5)11, 
for all derived anti-norms \\ ■ \\\ and all geodesic means a. 

Applying the theorem to the anti-norms of Example 14.41 letting p \ and using 
(14. ip we obtain a generalization of Proposition 13.71 

Corollary 4.8. If f(t) is a doubly concave function on Q and A,B£ M. n {Q}, then 

A k (f(AaB))>A k (f(A))aA k (f(B)) 
for all k = 1, • • • , n and all geodesic means a. 
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Remark 4.9. Theorem 14. 71 holds true for all derived anti- norms. But it does not hold for 
any regular anti-norm. In fact, let || • ||i be a regular anti-norm and a be the logarithmic 
operator mean (a typical example of geodesic mean). Let A,B be non-zero matrices 
in M+ such that their support projections are orthogonal. Then AoB = and so 
||AcrS||! = 0. But > since > and > 0. So it seems that 

Theorem 14.71 is rather optimal. 

To prove Theorem 14.71 we need two lemmas. 

Lemma 4.10. Let A, B G M+. If A ^ w ( l °s) B, then \\A\\\ > \\B\\\ for all derived 
anti-norms. 

Proof. Let p > and assume that A -<™( lo s) B and B is invertible. Then by assumption, 
A is also invertible and we have 

k ( k \ ~p ( k \-v k 

3=1 1 3=1 J 1 3=1 J 3=1 

for all k = 1, . . . , n, i.e., A~ p -< w n g) B~ p . This implies that A~ p -< w B~ p and so 
||A~ P || < ||-B _P || for any symmetric norm || ■ ||. Therefore, ||A _p ||" _1//p > ||5 _p || _1//p , 
which means that \\A\\\ > for any derived anti- norm. □ 

Lemma 4.11. Let A, B G M+ and a G [0, 1]. Then \\A# a B\\\ > \\A\\\ # Q ||-B|h for all 
derived anti-norms. 

Proof. The case a = or 1 is trivial. Assume that < a < 1. Since ||A||] ||-B||| = 
if A or B is not invertible, we may assume that both A and B are invertible. The 
log-majorization (13.121) implies that 

A# a B ^ (log) A 1 # Q B l 

so that the previous lemma yields 

\\A# a B\\> > \\A±# a B% 

for any derived anti-norm. To complete the proof, we need to show that 

\\A±# a B%>\\A%# a \\B% (4.3) 

This follows from the Holder inequality for a symmetric gauge function <3>: If q G (1, oo) 
and 1/q + 1/r = 1, then 

Qiath, a n b n ) < . . . , alf'^ib^ b r n f' r 

for every a, b G [0, oo) n , see [U IV. 1.6]. From this, for every a, b G (0, oo) n we have 

H(a{-«b«y p , . . . , (rt r p ) = ma^y-^n (a-n'-^KT)) 

<^(a- p ,...,a- p ) 1 ^(b- p ,...,b~ p r 
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so that 

$((a# Q &)- p )- 1 / p > §(a- p )- 1 / p # a $(b- p )- 1 / p . 
Hence (@3D holds. □ 

We turn to the proof of the theorem. 
Proof of Theorem \4- 7[ Let a be a geodesic mean so that 

AaB — f A# a Bdv(a) 
Jo 

with a probability measure v on [0, 1]. From Theorem 11.11 we infer that 

/ (A a B) > X - \ll (J f(A # Q B) du(a)^j U* + V (7 f(A # a B) du(a)^j V* J 

for some unitaries [/, V^. When v is supported on a finite set, this directly follows from 
Theorem 1 1 . 1 1 since fit) is concave. When v is a general probability measure, we choose 
a sequence {z//} of finitely supported probability measures on [0, 1] such that 

[ A# a Bdui(a)^ f A# a Bdv(a), 
Jo Jo 

[ f(A# a B)dv l (a)^ [ f{A# a B)dv{a). 
Jo Jo 

One can then show the assertion by a simple convergence argument. Hence, by the 

concavity property of anti-norms, 

\\f(AaB)\\i> [ \\f{A# a B)\\sdv(a). (4.4) 
Jo 

Next, from the log-majorization (I3.12p and the fact that f(t) is geometrically con- 
cave, it is easy to see that 

f(A# a B) ^ lo ^ f(A±# a B±). 
Thanks to the geometric concavity of f(t) again we also have 

/(^|.^)>/(^)| B /(B*) I 
which combined with the previous log-supermajorization yields 

f(A# a B) ^ lo s) f(A±) # Q 
Hence, for any derived anti-norm || ■ Lemma [4.101 implies that 

||/(A# B)||,> \\f(A±)# a f(B%., 
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which combined with Lemma [4 . 1 1 1 yields 

||/(A# a 3)||,> ||/(A%# Q 11/(^)11, = ||/(4)||, # a ||/(3)||. 
Inserting this into the integral inequality (14. 4p completes the proof. □ 

We do not know whether Theorem 14.71 can be generalized or not to the whole class 
of operator means whose representing functions are geometrically convex, especially 
whether it holds for the operator p-means a p with < p < 1 (see Example 13. 111) . 
However, it is possible to state a version of Theorem 14. 71 for the power p-means /3 p . This 
is a consequence of Theorem 12.71 A special case was given in Corollary 12. Ill 

Proposition 4.12. If f(t) is a doubly concave function on Q and A, 3 e M n {f2}, then 

\\f(A(3 p B)\\, > 11/(4)11,^1/(3)11, 

for all derived anti-norms and all power p -means f3 p with < p < 1. Moreover, this 
holds for p = too when A, B are invertible. 



Proof. Assume that < p < 1 . By Theorem I2.7[ arguing as for Corollary I2.8[ we have 

\\f(A(3 p B)\\ l >\\f(A)P p f(B)\\ l 

for all symmetric anti- norms. It then suffices to show that, in case of an derived anti- 
norm, one has 



\Xl3pY\U > ||X||i/5U|y| 



(4.5) 



or equivalently, 



for all A, Y e 



X p + Y p 



i/p 



> 



\X\ 



\Y\ 



i/p 



By taking the pth power of both sides, this is equivalent to 
\\(X p + Y p ) 1/p \\^ > ||A||f + ||Y||f. 



(4.6) 



To check that (14.61) does hold, note that if || ■ ||, is derived from a symmetric norm || • || 
and a scalar r > 0, then A h-> ||X 1 / p ||f is a derived anti-norm from || ■ || and pr > 0. 
Therefore, (14.61) and hence (14.51) hold. The case p = is immediate by taking the limit 
from the case < p < 1. □ 

For symmetric norms, we could expect a result similar to the previous proposition 
by using Corollary 12.141 But this is not possible: In general, if g(t) is a doubly con- 
vex function on [0,oo), g(0) = 0, and A, B e M n {fi}, then neither \\g(A(3 q B)\\ > 
11^(4)11^11^(3)11 nor its reversed inequality do hold for symmetric norms and power 
q- means f3 q with q > 1. 

The last result of this section is the symmetric norm version of Theorem 14.71 The 
proof is similar to that of Theorem 14.71 by using the convex version of Theorem 11.11 and 
the symmetric norm versions of Lemmas 14.101 and 14. lit namely, A -<«,(iog) 3 entails 
||4|| < ||3||, and ||4# Q 3|| < ||A|| # Q ||3|| for every A, B G M+. 
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Proposition 4.13. If g(t) is a doubly convex function on Q and A,B G M n {f2} ; then 

\\g{AoB)\\ < \\g{A)\\a\\g{B)\\ 
for all symmetric norms || ■ || and all geodesic means a. 

5 Geodesic means for several matrices 

In this section we will extend geodesic means introduced in Section 3 to those for several 
variables based on the Riemannian geometric approach in [211 E] • Let P n denote the set 
of n x n positive definite matrices. It possesses a natural Riemannian manifold structure 
and the induced geodesic distance is given as 

( n \ 1/2 

S(A,B) = \\log A^BA" 1 ^^ J^log 2 ^- 1 ^! , A,B e P n , 

where Aj(A _1 I?)'s are the eigenvalues of A~ l B. Moreover, the geodesic path joining 
A,B is the weighted geometric means A# t B, t G [0,1]. Note that this (P n , S) is an 
example of so-called NPC spaces (nonpositively curved metric spaces), whose theory 
has recently been developed extensively as seen in [22]. Now, let w = (wi, . . . , w m ) be a 
weight vector, i.e., w±, . . . , w m > and Ym=i w i = 1- Given m matrices A\, . . . , A m G P n , 
the weighted geometric mean G m (w; Ax, ... , A m ) is defined as a unique minimizer of the 
weighted sum of the squares of distances, i.e., 

Til 

G m (w; Ax, . . .,A m ) := argmin w i 8 2 {X 1 At), (5.1) 

which is also called the weighted least squares mean, see [18]. The non- weighted in- 
variable geometric mean is (15. ip when w = (1/m, . . . , 1/m). When m = 2, ^(1 — 
t, t; A, B) = A# t B for t G [0, 1] and A, B G P re . Below we will briefly write G m (w; A) 
for G m (w; A u . . . , Am) for m-tuples A := (A u . . . , A m ). 

In [18] Lawson and Lim proved the monotonicity property of G m (w; A) by using a 
powerful probabilistic tool in NPC spaces, see [221 Theorem 4.7]. The tool is regarded 
as a sort of strong law of large numbers in NPC spaces, which will also be crucial in 
our discussion below. So in the next lemma let us state it in a form specialized to 
our purpose. For Ai, ... , A m G P n the inductive mean S m (Ai, . . . , A m ) is inductively 
defined as follows: S'i(Ai) := A x and S k (A 1 , ...,A k ) := S^^Ax, . . . , A fc _i) # 1/fc A k for 
fc = 2, . . . , m. 

Lemma 5.1. Let Ai,...,A m G P n and let X k '■ ^ — > P n? k G N, 6e a sequence of 
i.i.d. random variables on a probability space (fl,P) with distribution YlT=i w ^Ai- Then 
Sk(Xi(oj), . . . , Xk(oj)) — > G m (w, A) as k — > oo for almost every oj G Q. 

A construction of the i.i.d. sequence X m in the corollary is easy: Let Qq := {1, . . . , k} 
with probability P := Yli=i w i^ij an< ^ ^ -f ) := LIm=i(^ ' ^o) ^ e ^ ne infinite tensor 
product of (fio, -Po)- Set X m (u) := Aj m for m G N and w = (ji, J2, . . . ) G fi. 
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To extend geodesic means for two matrices to those for m matrices, let S m denote 
the simplex of probability vectors on m points, i.e., S m := {w = (wi, . . . ,w m ) : Wi > 
0, Y^T=i w i = !}• For an y Probability measure v on S m we define for At, ... , A m G P n , 

a m {A 1 ,...,A m ) =a m {A) := G m (w; A) du(w), (5.2) 

and call it an m-variable geodesic mean. In particular, with the uniform probability 
measure u on S m we define the m-variable logarithmic mean by 

L m (Ai,...,A m ) = L m (A) := / G k (w; A)dz/ (w), 

which extends the logarithmic mean A A £> for two matrices since 

L 2 (A,B)= [ A# t Bdt = AXB. 
Jo 

Proposition 5.2. Zet cr m (A) be an m-variable geodesic mean defined in (15. 2p . Then, 
for every A 1 , . . . , A m G P n , 

rc \ — ^ m 

v i=l / i=l 

where Wi := J E Widv(w), 1 <i <m. In particular, 

E A n <ma)<-E^ 

i=l / i=l 

Proof. It was proved in [18] that 

E ^ A rl I < C m (w; A) < ^2 ™i A i- 

J=l J i=l 

Integrating over S m by v we have 

„ / m \ „ m 

/ E^A" 1 ) dv(w) < a m (A) < ^^^(w). 
It is obvious that 

„ m rn 

/ ^2,WiAidu{w) = y^WjAj. 

Jz m i= i i= i 

Since x~ x (x > 0) is operator convex, 

/ E dv(w)>l Yl WiA i x dv ^ = E w * a -1 

^™ \i=l / \'' E " 1 t=l / \i=l y 

□ 
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The above proposition says that an m-variable geodesic mean is between the in- 
variable weighted harmonic and arithmetic means. The naturally expected inequality 
G m (A) < L m (A) is not known, where G m (A) is the non-weighted geometric mean 
G m (w; A) with w = (1/m, . . . , 1/m). 

We now prove the log-majorization for the weighted geometric mean G m (w; A). 

Proposition 5.3. For every w G S m and every A±, . . . , A m G P n , 

G m (w; A) ^ (log) G m (w; A 1 ), (5.3) 
where G m(w; A"'') stands for G m (w; A^ . . . , ^4^). 

Proof. By Corollary 13.61 we have for every X\, X 2 , ■ ■ ■ G P n and every k > 2, 

Sk(Xi, . . . , Xfc) -*<(iog) Sjfc-i(-X'i) • • • , -Xfc-i) 4 ^fc- 
Iterating this for k — 2, 3, . . . we notice that 

Sk(Xi, . . . , X fc ) -<(io g ) Sk{Xi, . . . , X^) 

for every fceN. Let : Q — >■ P re , A; G N, be as in Lemma [5.11 associated with given w 
and Ax, ... , A m G P n . We then have 

S^X^u), . . .,X k (u)) ^ (Iog) ^(^(w) 4 -, . . . ,X k (u) 1 ) (5.4) 

for all w G O. Note that Xk(coy, k G N, is a sequence of i.i.d. random variables with 
distribution YlT=i w ^ a 1 - Lemma [57X1 implies that both sides of (15.41) converge to those 
of (I5.3p . respectively, as k — > oo for almost every oj. Hence (15.31) holds. □ 

The next result is the m-variable extension of Proposition 13.71 The proof based on 
Proposition 15.31 is similar to that of Proposition 13.71 

Proposition 5.4. Let a m be an m-variable geodesic mean and A±, . . . , A m G F n . Then, 
for every k = 1, . . . , n, 



n 




n \ V* / ( n 1 I 

n vMm{A))\ >aji n \ n 

,j=n+l-k ) \ \j=n+l-k ) Lj=7i+l-fc 

Furthermore, in the next theorem we similarly have the m-variable versions of The- 
orem H]T| and Proposition 14.131 The proof is similar to that in Section 4. 

Theorem 5.5. Let o m be an m-variable geodesic mean and let A\, . . . , A m G M„{f2} 
for an interval Q C (0, oo). 

1. If f(t) is a doubly concave function on Q, then 

||/(a m (A))||, ><r m (||/(A)||,) 

for all derived anti-norms where a m (\\f (A) ||i) := cr m ( ||/(Ai)||i, . . . , ||/(A m )||!). 
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2. If g(t) is a doubly convex function on Q, then 



^m(A))||<a m (||»(A)||) 



for all symmetric norms \\ • \\, where a m (\\g(A)\\) is as above. 

A particular case of the second assertion of the theorem with g(t) = t (or rather a 
consequence of Proposition 15. 3j) is a very recent inequality for the weighted geometric 
mean due to Bhatia and Karandikar [7J: 



For derived anti-norms, the reverse inequality holds. 

6 Miscellaneous results on anti-norms 

This section gives some additional results on anti-norms while we have not used them 
in the main body of the paper. The first proposition is concerned with duality of anti- 
norms. 

Proposition 6.1. Let \\ ■ \\\ be a symmetric anti-norm on M+ assumed not identically 
zero, and define for every A G M+, 



Then \\ ■ \\\ is a symmetric anti-norm on too. 

Proof. The properties 1-3 of Definition 14.11 for || • ||( are immediate from definition. To 
prove continuity, let {A} be a sequence in converging to A G M+. For any B G 
with ||-B||i = 1, since \\Ai\\\ < Tt A[B — > Ty AB, we have limsup^^ \\Ai\\\ < Tr AB 
so that limsup;^^ ||A||! < \\A\\\. To show that \\A\\\ < liminf/^oo ||A||b let $i be the 
symmetric anti-gauge function corresponding to || ■ see jH Proposition 3.2]. From the 
fact that Tr AB > Tr A^E* for A, B G M+, it is easy to see that \\X\\\ = $\(/i(X)) for 
all X G M+, where 



Since fi(A t ) fi(A), we need to show that $((a) < liminf/^oo $((a (/) ) if a (/) -> a in 1; 
For each I choose a G such that &\(b^) > 1 and 



m 



G m (w;A)|| < JJll A 



i=l 



A\\\ : = inf{Tr AB : B G M+, ||S||, = 1}. 





n 




(6.1) 



i=i 
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By taking a subsequence we may assume that — >• b G [0, oo] n . Moreover, since $i is 
continuous and monotone (i.e., < <&\(y) if x < y in Wt), one can extend <3>i to a 

continuous functional on [0, oo] n with values in [0, oo]. By (16. ip it follows that 



V < liminf V af ] bf ] < liminf $;(a (/)N 

i=l i=l 



with convention ajfrj := for aj = and 6j = oo. Since G [l,oo] by continuity, 

one can choose U m) 6R n + ,mGN, such that U m) < b and < m := $,(&( m )) -»■ $,(6). 
Therefore, 

n n 
i=l i=l 

Letting m — > oo yields that $((a) < liminf i^.^ $((a^). □ 

We call the above || ■ ||( the dual anti-norm of || • It is plain to show that the dual 
anti-norm of || • ||{ goes back to || • ||i like symmetric norms. 

Example 6.2. When p e (0, 1) and q G (— oo, 0) with 1/p+l/q — 1, the reverse Holder 
inequality shows that 



\ a \\q 



inf<^aA:&GR^, ||6|| p = 1 



i=i 



for every a G IR™, where ||a|| 9 and ||6|| p are defined for vectors in IR" as in Example 14.31 
This implies that the Schatten anti-norm || ■ || p and the negative Schatten anti-norm 
|| ■ || g (Example 14.31) on M+ are the dual of each other. Letting p \ (and q 0) we 
observe that A i— > det 1//n A is dual to itself up to a constant; in fact, this is verified from 

infj^aA : b G M+, (h ■ ■■b n ) 1/n > l| = n(ai • ••a n ) 1/n , a G M+. 

Thus, the Minkowski functional is special as the self-dual symmetric anti-norm, likewise 
the Hilbert-Schmidt norm is a special symmetric norm. More generally, it is worthwhile 
to note that the correspondence || ■ || p t— > || • ||2- P , P G [l,oo], transforms the Schatten 
norms to the Schatten anti-norms and preserves the duality paring. Here, || • \\-oo means 
|| • ||{i}, i.e., the functional taking the smallest eigenvalue \ n (A), which is the dual 
anti-norm of the trace on M+. 

In the next proposition we give two expressions for the Ky Fan /c-anti-norms. 
Proposition 6.3. For every Z G and every k = 1, . . . , n, 

||Z||{fc} = min{TrZP : P is a projection, rankP = k} (6-2) 
= m&x{k\ n (A) - Tr B : A, B G M+, Z = A - B}. (6.3) 
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Proof. The proof of (16 .2p is well-known and parallel to that of the similar expression for 
the Ky Fan norms. To prove (16. 3p . notice that for any A, B £ M+ with Z = A — B we 
have 

B) 

k 

-J2 X i( B ) > k\ n (A) -TrB. 

3=1 

Let Z = J^" =1 Xj(Z)Pj be the spectral decomposition with orthogonal projections Pj of 
rank 1. Set 

A:=^A,(Z)P i + A n+1 _ fc (^) E ^ 

j=l j=n+l—k 
n 

B:= £ {K + ^k{Z) - \ 3 {Z)}P y 

j=n+l—k 

We then have Z = A — B and 

n 

\ n (A) = \ n+1 - k (Z), Tr S = k\ n+l „ k (Z) - £ A i( Z ) 

j=n+l— k 

so that fcA n (A) - Tr B = \\Z\\ {k} . □ 

The expression (I6.3P is considered as a kind of K-functional in the real interpolation 
theory. In fact, thanks to P, Lemma 4.2] that reduces the proof to the Ky Fan k- 
anti-norms, (16 .3p gives the anti-norm counterpart to a familiar interpolation property of 
symmetric norms though the assumptions (unitality and trace-preservation) on E seem 
too strict. Note that this can alternatively be proved as follows: If E and Z are as in 
the next corollary, then we have E(Z) -< Z, which implies that E(Z) -< w Z and hence 
> ||Z||, by Lemma 4.2]. 

Corollary 6.4. Let E : M n — > M n be a positive linear map and assume that E is unital 
and trace-preserving. Then ||E(Z)||i > ||Z||i holds for all Z £ M+ and all symmetric 
anti-norms. 

For instance, when A £ has diagonal entries all equal to 1, the Schur multipli- 
cation map E(Z) := A o Z satisfies the assumption of the above corollary. In fact, the 
result can be improved in this situation as follows: 

Theorem 6.5. If A £ has diagonal entries all greater than or equal to 1, then 

\\AoZ\\\ > \\Z\\\ 

holds for all Z £ and all symmetric anti-norms. 



Z\\{k}= £ A,-(A- 

j=n+l— k 
n 

j=n+l—k 
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Proof. Let D be the diagonal matrix with the same diagonal part as A; then D > I by 
assumption. It is immediate to notice that D~ 1 / 2 (A o Z)D~ 1 / 2 = (D~ 1 / 2 AD~ 1 / 2 ) o Z 
for all Z G M n and the diagonal entries of D" 1 ^ 2 AD^ 1 ^ 2 are all equal to 1. For every 
symmetric anti-norm || • ||i and every Z G M+ we have 

\\AoZ\h > \\D- 1/2 (Ao Z)D~ 1/2 \\ l = \\(D- 1/2 AD~ 1/2 ) oZ||, > 

where the first inequality follows from the fact that < ||y||t for any X, Y G 

with X < I (since (XYX)^ < Y^) and the second inequality is a special case of Corollary 

El □ 

The above theorem also contains some trace inequalities. Indeed, Theorem 16 . 51 means 
that we have the supermajorization A o Z -< w Z . Since concave increasing functions 
preserve supermajorization we infer: 

Corollary 6.6. Let A G M+ with all its diagonal entries greater than or equal to 1. 
Then, for every increasing concave function f(t) on [0, oo) and every Z G M+, 

Trf(AoZ)>Trf(Z). 



In the following we apply Theorem 16.51 to obtain the anti-norm version of the 
arithmetic-geometric inequality. 

Corollary 6.7. If A £ M+ is invertible and < a < 1/2, then, for any symmetric 
anti-norm \\ ■ \\\ and every Z G M+, 



\z\u > 



2a 



pa 

/ (A^ZA*'* + A^ZA^dt 
Jo 



(6.4) 



whenever the matrix integral in the right-hand side is in 



Proof. We may assume that A is a diagonal matrix with diagonals Ai, . . . , A n . Then it 
is easy to check that 



1 

2a Jo 



(A^ZA*-* + A2- t ZA t ~2)dt 



2a y / X i X J 

Hence ( 16.41) follows from Theorem 16.51 once we show that 



oZ. 



2a y/XiXj 



j a (xtx^+xrx-)d tji 

For this it suffices by [HJ Theorem 1.1] to prove that 

2ae x 



(x) := -=5 



f*( e 2tx + e 2(l-t)x) df 
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is a positive definite function on R. A direct computation gives 

4ax 



(j)(x) 



_ e (l-2a)x _|_ e (2a-l)x 

2ax 



sinhx — sinh((l — 2a) x) 

ax 

cosh((l — a)x) sinh(o!x) 



Since 1/ cosh((l — a)x) and xj sinh(ax) are positive definite on K (see [H]), so is <p(x). 

□ 

In particular, letting a \ in (16.41) gives 

||Z||, > ^\\A l ' 2 ZA- 1 ' 2 + A~ 1/2 ZA l/2 \\\ (6.5) 
whenever A 1/2 ZA~ 1/2 + A'^ZA 1 ' 2 > 0. Moreover, the case a = 1/2 of (JS3D is 







(6.6) 



whenever Jq A* 2ZA2 1 dt > 0. Observe that (16. 5p can be written as 

\\A l ' 2 (A~ l l 2 ZA~ l l 2 )A l ' 2 \\, > l -\\A(A~ l ' 2 ZA- l l 2 ) + (A~ l/2 ZA~ l/2 )A\\\ 

whenever A(A^ l/2 ZA^ l/2 ) + (A~ 1/2 ZA~ 1/2 )A > 0. Hence we obtain the next corollary. 

Corollary 6.8. Let A, Z e M+ and assume that AZ+ZA > 0. Then, for any symmetric 
anti-norm, 

\\A 1/2 ZA 1/2 \\t > -\\AZ + ZA\\u 

This may be considered as the anti-norm counterpart of the arithmetic-geometric 
inequality \\\AZ + ZA\\ > \\A 1 ^ 2 ZA 1 ^ 2 \\ for symmetric norms. Similarly, (I6.6P is the 
anti-norm counterpart of the logarithmic-geometric inequality for symmetric norms, see 
[T4] for symmetric norm inequalities for means of matrices. The special case of the 
Minkowski functional in Corollary 16.81 yields the well-known determinantal inequality 



det A det Z > det 



f AZ + ZA 
V 2 



whenever A, Z e M+ and AZ + ZA > 0. The positivity assumption AZ + ZA > is 
essential; in fact det((AZ + ZA)/2) < det A det Z does not hold for all A, Z e M+, as 
it is shown by considering 
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When || • || is a symmetric norm on M n , an extended version of the matrix Holder 
inequality 

\\AB\\ <\\\A\ p \\ 1/p \\\B\ q \\ 1/q , A,BeM n , (6.7) 

is well-known jU IV. 2. 6], where p, q G (l,oo) with l/p+ 1/q = 1. On the other hand, 
the matrix reverse Holder inequality 

TrAB > \\A\\ p \\B\\ q , A,B e M+, (6.8) 

was very recently noticed in [16], where p G (0, 1) and q G (— oo, 0) with 1/p + 1/q = 1. 
Here, note that \\A\\ P and \\B\\ q are the Schatten anti- norms. Similarly to (16.71) we 
extend (16. 8p to a reverse Holder inequality involving a derived anti-norm (||i?' 7 || 1// ' 3 in 
(16. 9p ) introduced in Proposition 14.61 

Proposition 6.9. Let \\ ■ || be a symmetric norm on M n and let p G (0, 1) and q G 

(— oo, 0) with l/p+ 1/q — 1. Then, for every A,B G M+, 

\\AB\\ > \\A p \\ 1/p \\B q \\ 1/q . (6.9) 

Proof. We may assume that A and B are invertible. By the Gel'fand and Naimark 
majorization we have 

\AB\ y (log) A^B^ 

so that ||>1-B|| > HAkE^H. It is elementary to check that 

s p t q 

st> 1 , s,t> 0. 

p q 

This implies that p-\A^Y < A l B^ + (-g)~ 1 ( J B t ) <? and hence p _1 ||A p || < \\A^\\ + 
(-qy l \\B q \\ so that 

, ,i t„ \\A p \\ \\B q \\ 
WA^W > - — -+ " 1 



p q 

Replacing A, B with aA, a~ 1 B for any a > we have 

a p \\A p \\ a q \\B q \\ 

A l B^ > — !i + !i. 

p q 

Maximizing the above right-hand side over a > yields 

\\A l B^\\ > ||A P || 1/P ||5 5 || 1/9 , 

and the required inequality follows. □ 

As noticed in the above proof we have the inequality ||AB|| > ||A"kB'f|| for every 
i,B6 and all symmetric norms. Thanks to the Araki (see [1]) and the Gel'fand- 
Naimark log-majorizations, this is refined for every r G (0, 1) as 

|| \A l / r B 1/r \ r \\ > \\AB\\ > || \A r B r \ 1/r \\ > \\A l B^\\. (6.10) 

Hence the left-hand side of ( 16. 9p can be replaced by || |A r i? T '| 1//T '||, in particular by 
Hyl 1 / 2 !^ 1 / 2 !!. By letting r \ we also obtain the following result which can be regarded 
ClS db substitute for (13. 6p in case of the mean /3 in (12. ip . 
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Corollary 6.10. For every invertible A,B£ M+ and every k — 1, ... ,71, 
k ( k } 1 / 2k ( k 

Proof. As remarked above by (I6.10p we have 

| > ||^P|| 1 /p||_g<?|| 1 /<? 

for all symmetric norms, r > 0, and 1/p + 1/q = 1 with p £ (0, 1). The Lie- Trotter 
formula (see [3]) says that lim^o |v4 r I?''"| 1 / r = exp(logv4 + log 5), and thus 

||exp(logA + logfi)|| > ||i4 p || 1 / p ||5«|| 1 /9. 

Letting || • || = k~ 1 \\ ■ \\^) (II ' II (fc) being the Ky Fan norm) and p \, (q 0) we obtain 

k ( k ~\ V s ( k \ V s 

i^^(exp(logA + logS)) > jll/^) j |n^+i-i(5)| 
for k — 1, ... ,n. The result follows by replacing A, B by A 1 / 2 , B 1 / 2 . □ 

7 Concluding remarks 

Majorization, symmetric norms and their connection with convex/ concave functions play 
important roles in matrix analysis. In this paper the stress falls on supermajorization 
and anti-norms. It seems that they provide a good framework to study Jensen type 
inequalities for operator means. Many questions remain open. Some of them have 
been noticed in the text. The binomial operator means o~i/ m (Example 13 . 1 1 f) and the 
logarithmic operator mean are cases of special interest deserving further investigation. It 
would be also of interest to characterize anti-norms preserving the log-supermajorization 
order. 

Although we confine our study to the matrix case, it is possible, with some slight 
variations, to develop a theory of anti-norms for compact operators and for type II 
factors with a finite trace (the semi- finite case might be more delicate). 

References 

[1] T. Ando, Concavity of certain maps on positive definite matrices and applications 
to Hadamard products, Linear Algebra Appl. 26 (1979), 203-241. 

[2] T. Ando and F. Hiai, Log majorization and complementary Golden-Thompson type 
inequalities, Linear Algebra Appl. 197/198 (1994), 113-131. 




33 



[3] T. Ando, C.-K. Li and R. Mathias, Geometric means, Linear Algebra Appl. 385 
(2004), 305-334. 

[4] R. Bhatia, Matrix Analysis, Springer, New York, 1996. 

[5] R. Bhatia, Positive Definite Matrices, Princeton Univ. Press, Princeton, 2007. 

[6] R. Bhatia and J. A. R. Holbrook, Riemannian geometry and matrix geometric 
means, Linear Algebra. Appl. 423 (2006), 594-618. 

[7] R. Bhatia and R. L. Karandikar, The matrix geometric mean, Preprint, 2011. 

[8] J.-C. Bourin, Hermitian operators and convex functions, J. Inequal. Pure Appl. 
Math. 6 (2005), Article 139, 6 pp. 

[9] J.-C. Bourin and F. Hiai, Norm and anti-norm inequalities for positive semi-definite 
matrices, Internat. J. Math., to appear. 

[10] J.-C. Bourin and E.-Y. Lee, Unitary orbits of Hermitian operators with convex or 
concave functions, preprint. 

[11] M.-D. Choi, A Schwarz inequality for positive linear maps on C*-algebras, Illinois 
J. Math. 18 (1974), 565-574. 

[12] F. Hansen and G. K. Pedersen, Jensen's inequality for operators and Lowner's 
theorem, Math. Ann. 258 (1982), 229-241. 

[13] F. Hiai, Matrix Analysis: Matrix Monotone Functions, Matrix Means, and Ma- 
jorization (GSIS selected lectures), Interdisciplinary Information Sciences 16 
(2010), 139-248. 

[14] F. Hiai and H. Kosaki, Means for matrices and comparison of their norms, Indiana 
Univ. Math. J. 48 (1999), 899-936. 

[15] F. Hiai and H. Kosaki, Means of Hilbert Space Operators, Lecture Notes in Math- 
ematics, Vol. 1820, Springer, 2003. 

[16] F. Hiai, M. Mosonyi, D. Petz and C. Beny, Quantum /-divergences and error 
correction, Rev. Math. Phys., to appear. 

[17] F. Kubo and T. Ando, Means of positive linear operators, Math. Ann. 246 (1980), 
205-224. 

[18] J. Lawson and Y. Lim, Monotonic properties of the least squares mean, Math. Ann., 
to appear. 

[19] C.-K. Li and R. Mathias, The Lidskii-Mirsky-Wielandt theorem - additive and 
multiplicative versions, Numer. Math. 81 (1999), 377-413. 



31 



[20] A. W. Marshall and I. Olkin, Inequalities: Theory of Majorization and Its Appli- 
cations, Academic Press, New York, 1979. 

[21] M. Moakher, A differential geometric approach to the geometric mean of symmetric 
positive definite matrices, SI AM J. Matrix Anal. Appl. 26 (2005), 735-747. 

[22] K.-T. Sturm, Probability measures on metric spaces of nonpositive curvature, in: 
Heat Kernels and Analysis on Manifolds, Graphs, and Metric Spaces, P. Auscher 
et. al. (eds.), Contemp. Math., Vol. 338, Amer, Math. Soc, Providence, 2003. 

[23] D. V. Widder, The Laplace Transform, Princeton University Press, Princeton, 1946. 



Jean-Christophe Bourin 

Laboratoire de mathematiques, Universite de Franche Comte, 

25030 Besancon, France 

jcbourin@univ-fcomte.fr 

Fumio Hiai 

Graduate School of Information Sciences, Tohoku University, 

Aoba-ku, Sendai 980-8579, Japan 

fumio.hiai@gmail.com 



35 



